Abstract-Consider the following process of activation on a directed graph G(V, E). In round zero, a set of vertices, called the seeds, are active. Thereafter, a vertex is activated in a round if at least a ρ ∈ ( 0, 1 ] fraction of its in-neighbors are active in the previous round. Once a vertex is activated, it remains active. Assuming the strong connectivity of G, this paper proves the existence of O( ρ | V | ) seeds that will activate all vertices after a finite number of rounds.
I. INTRODUCTION
Consider the following process of activation on a simple directed graph G(V, E) with threshold function φ : V → N. In round zero, some vertices of G, called the seeds, are active. In each subsequent round, a vertex v ∈ V is activated if it has at least φ(v) active in-neighbors in the previous round. Once a vertex is activated, it remains active thereafter. Define min-seed(G, φ) to be the minimum number of seeds needed to activate all vertices after a finite number of rounds. For v ∈ V and ρ ∈ ( 0, 1 ], define φ ρ (v) ≡ ρ deg − (v) , where deg − (v) denotes the indegree of v. When φ = φ ρ , a vertex is activated in a round if at least a ρ fraction of its in-neighbors are active in the previous round. An irreversible dynamic monopoly (or a conversion set) is a set of seeds that will activate all vertices after a finite number of rounds [1] [2] [3] .
The above process of activation with φ ∈ {φ 1/2 , φ (1+1/| V |)/2 } models the propagation of faults in fault-tolerant systems [1, [4] [5] [6] [7] . When φ(v) = ρ v deg − (v) for all v ∈ V where the ρ v 's are i.i.d. random variables taking values in [ 0, 1 ], the result is Watts' model [8] . It is used to model socio-economic cascades [8] [9] [10] and cascading failures in physical infrastructure networks [8] . For ρ ∈ ( 0, 1 ], the special case of Watts' model with φ = φ ρ is also referred to as complex propagation [10] . For a parameter r ≥ 2, the process of activation with φ(v) = r for all v ∈ V is used to model the spread of opinions [2] and bootstrap percolation [11, 12] .
Bounds on min-seed(G, φ) are known for regular graphs [2, 6, 13, 14] , tori [1, 2, [15] [16] [17] , complete multipartite graphs, trees [2] , chordal rings [4] , Erdős-Rényi random graphs [12, 18] , hexagonal grids [19] , triangular grids [20] , line graphs, generalized Petersen graphs, graph products [14, 21] , undirected connected graphs [3, 14, 22, 23] and directed graphs [22, 24] . Ackerman et al. [24] show that
for any directed graph G(V, E) and φ : V → N. The righthand side of inequality (1) with φ = φ ρ does not evaluate to be O( ρ | V | ) for all undirected connected graphs G and
. Chang [25] shows that min-seed(G,
, where Δ(G) denotes the maximum degree in G. But the proof depends critically on the assumption that G is undirected. This paper, instead, shows min-seed(G, φ ρ ) = O( ρ | V | ) for all strongly connected directed graphs G(V, E) and ρ ∈ ( 0, 1 ]. Clearly, our bound is asymptotically optimal for undirected complete graphs. For other aspects of the activation process and its variants, see [5, 7, 26] for surveys. This paper is organized as follows. Section II gives the definitions and useful facts. Section III shows min-seed(G, φ ρ ) = O( ρ | V | ) for any strongly connected directed graph G(V, E) and ρ ∈ ( 0, 1 ]. Section IV concludes.
II. DEFINITIONS
A directed graph (digraph for short) G(V, E) consists of a finite set of vertices, V , and a set of edges,
So all graphs in this paper are simple by definition, i.e., self-loops and parallel edges are prohibited [27] . For s, t ∈ V , a directed s-t path of length in G is a sequence of vertices
Consider the following process of activation on a digraph G(V, E) with threshold function φ : V → N. In round zero, the vertices in a set S ⊆ V , called the seeds, are active. Thereafter, a vertex v ∈ V is activated in a round if the number of its active in-neighbors is greater than or equal to φ(v) in the previous round. Once a vertex is activated, it remains active. To be precise, define
for all k ≥ 0 [24] . So Active(k) is the set of active vertices in round k of the process. Define cl(S, G, φ) ≡ ∪ k≥0 Active(k) to be the set of vertices that will be active after a finite number of rounds. Finally, define
to be the minimum number of seeds needed to activate all vertices after a finite number of rounds. Although we define the activation process to be synchronous, this is only for convenience because neither cl(S, G, φ) nor min-seed(G, φ) depends on that assumption (see, e.g., [7, Sec. 6 .1]). For simplicity, abbreviate cl(U, G, φ ρ ) as cl(U ) for all U ⊆ V throughout the rest of this paper. Clearly, when φ = φ ρ , a vertex is activated in a round if at least a ρ fraction of its inneighbors are active in the previous round, where ρ ∈ ( 0, 1 ].
The following lemma is straightforward.
Proof:
Below are Markov's inequality and Chernoff's bound that will be used later.
Fact 2 ([28, Theorem 3.2]):
For any random variable X taking nonnegative values and t > 0,
Fact 3 ([28, Theorem 4.2]):
For any ∈ [ 0, 1 ] and independent Bernoulli trials X 1 , X 2 , . . ., X n with Pr[
III. BOUNDS FOR STRONGLY CONNECTED DIGRAPHS
This section derives bounds on the minimum number number of seeds needed to activate all vertices of a strongly connected digraph. Throughout this section, assume that G(V, E) is a strongly connected digraph and ρ ∈ ( 0, 1 ]. The following three lemmas will share the four additional assumptions below:
Bernoulli trials with
4)
Clearly,
All probabilities and expectations in the following three lemmas are taken over the χ v 's, where v ∈ V \ cl(A).
Proof: We have
Lemma 1
where Eq. (7) is a consequence of Eq. 
Inequalities (6)- (9) complete the proof.
Proof: Assume cl(A) = V for, otherwise, the lemma is trivially true. By the strong connectivity of G and ∅ cl(A) V , there exists a w ∈ V \ cl(A) with
As deg
By the strong connectivity of G, there exists a directed w-v path:
Consequently,
where the last inequality follows from Lemma 4 and (i). Lemma 6: If cl(A) = ∅, ∈ ( 0, 1 ), t > 1 and
then there exists a set A ⊆ V \ cl(A) satisfying
Proof: In case ρ > 1/(tC) or cl(A) = V , it is not hard to see that setting A to V \ cl(A) satisfies inequalities (13)- (14) . Now assume ρ ≤ 1/(tC) and cl(A) = V . We have
Lemmas 4-5
where Eq. (15) follows from the linearity of expectation.
By Eqs. (2)-(3) and the linearity of expectation, E[
Inequalities (16) and (17) imply
where the last inequality follows from inequality (12) and ρ ≤ 1/(tC). If there does not exist a set A ⊆ V \ cl(A) satisfying inequalities (13)- (14), then Eq. (18) must be exactly zero, a contradiction.
We now prove the main result of the paper. Theorem 7: For any strongly connected digraph G(V, E) and ρ ∈ ( 0, 1 ],
Proof: Take = 0.2, C = 9.4 and t = 1.2 so that inequality (12) holds. Let A 0 ⊆ V be any singleton. By repeatedly applying Lemma 6, there exist 20) for all i ∈ N.
By inequality (19) ,
Now,
Now let D be any probability distribution over [ 0, 1 ] with meanρ and The process of activation with this threshold function has been extensively studied [8, 9, 29, 30] . It is implicit in [25, Corollary 12] This and inequality (22) with t = 1 complete the proof.
IV. CONCLUSIONS This paper proves min-seed(G, φ ρ ) = O( ρ | V | ) for any strongly connected digraph G(V, E) and ρ ∈ ( 0, 1 ], a bound that is asymptotically optimal for undirected complete graphs. The result is extended to a widely studied type of random threshold functions. It would be interesting to shave the hidden constants in our O( ρ | V | ) bound. Another challenging direction is to obtain analogous results for variants of the process that allow deactivation of vertices [1, [31] [32] [33] .
